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Abstract. Sorted circles emerge as self-organized patterns from a laterally uniform 
active layer that becomes laterally sorted as frost heave deforms the interface 
between a stone layer and an underlying soil layer. In a three-dimensional, cellular 
model of the active layer, cyclic freezing and thawing drives transport of stone and 
soil particles by (1) addition of ice particles representing soil expansion by frost 
heave, (2) removal of ice particles representing soil consolidation during thawing, (3) 
addition of void particles (a discrete abstraction of soil compressibility) representing 
soil expansion by water absorption, (4) removal of void particles representing 
compaction and desiccation of underlying soil by frost heave, (5) relaxation of 
surface morphology by soil creep and stone avalanche, and (6) vertical sorting of 
stones and soil by illuviation. These transport processes give rise to sorted circles, 
which are characterized by a mean spacing of 3.6 m, a 2.4 m wide soil domain 
surrounded by a 1.0 m wide, 0.3 m high annulus of stones, and a 750 year period 
of circulation in the soil domain, all consistent with measured characteristics of 
sorted circles in western Spitsbergen. In the model, instabilities on the stone- 
soil interface grow upward as soil plugs by drawing in soil from the surrounding 
subsurface soil layer; soil plugs develop into sorted circles as they contact the ground 
surface, simultaneously elevating an encircling annulus of stones. Sorted circles are 
dynamically maintained by circulation within the stone and soil domains. Initiation 
of soil plugs is driven by a positive feedback in which frost heave near the stone-soil 
interface pushes soil toward more compressible soil regions, where the soil layer is 
thicker. The lateral component of these frost-heave-induced displacements is not 
reversed during thaw because soil consolidation (as ice-rich soil melts and drains) and 
soil expansion (as desiccated and compacted soil hydrates) displace soil vertically. 
Further development of soil plugs and sorted circles is determined by an interplay 
between this positive feedback and amplitude dependent negative feedbacks that 
result from decoupling of the freezing front from the stone-soil interface. Parameters 
outside the range in which sorted circles form can result, for example, in stone 
islands and labyrinthine patterns. The initial wavelength of perturbations on the 
stone-soil interface is accurately predicted using a linear stability analysis, but 
increase in this wavelength through time reflects the nonlinearities that control the 
spacing of soil plugs and sorted circles, namely, interactions and mergers between 
neighboring forms. 

1. Introduction 

Freezing and thawing of Arctic surface soil results 
in sorted patterns of soil and stones, the most strik- 
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ing of which assume circular, polygonal, linear, and 
labyrinthine shapes. Although a range of mechanisms 
have been proposed for the origin of sorted patterned 
ground [Washburn, 1980, 1997], few of these hypothe- 
ses can be excluded, either because the proposed mecha- 
nisms have been only qualitatively described or because 
of a lack of discriminating measurements. Numerical 
models can be used to explore the consequences and 
consistency of these mechanisms. Here, a numerical 
model for one form of sorted patterned ground, sorted 
circles, is presented and investigated. 
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1.1. Sorted Circles 

A model for sorted circles should reproduce observed 
features and behaviors of the archetypical sorted cir- 
cles found in western Spitsbergen [Hallet and Prestrud, 
1986], the Canadian Arctic [Washburn, 1997], and .Green- 
land [$chmertmann and Taylor, 1965]. In western Spits- 
bergen, sorted circles (Figure 1) typically consist of a 
2-3 m wide cylinder of soil, the axis of which extends 
1-1.5 m downward to the base of the active layer, the 
near-surface zone that freezes and thaws annually. The 
soil surface is domed upward as much as 0.1 m and is 
surrounded by a 0.5-1 m wide annulus of gravel, devoid 
of soil, that rises as much as 0.5 m above the soil domain 
[Hallet and Prestrud, 1986; Hallet et al., 1988]. •Vell- 
developed sorted circles in western Spitsbergen did not 
detectably change form over a decade of measurements 
[Hallet, 1998]. Coherent surface soil motion of •00.01 
m/yr outward from the center of the soil domain has 
been recorded in Greenland [Schmertmann and Tay- 
lor, 1965] and in western Sp.itsbergen [Hallet and Pre- 
strud, 1986], as has stone motion of comparable velocity 
down the inner slope of the gravel annulus [Hallet and 
Prestrud, 1986]. Subsurface soil transport toward the 
center of the soil domain has been inferred from sur- 
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Figure 1. Sorted circles from the Kvadehuke Peninsula 
in western Spitsbergen. Inset shows schematic cross 
section of a sorted circle (after Prestrud, 1987). 

face morphology, surface soil motion, and the assump- 
tion that soil volume is conserved [Hallet and Prestrud, 
1986], but no direct measurements are available. This 
inference is supported by tilt measurements from within 
a sorted circle soil domain that record substantial yearly 
subsurf.ace rotational motion [Hallet, 1998]. A soil do- 
main circulation period of 500 years has been estimated 
for a sorted circle in western Spitsbergen with a 3 m 
wide, I m thick soil domain [Hallet et al., 1988].' 

Cyclic fleezing and thawing drives processes that 
transport stones, soil, and water in the active layer, re- 
sulting in the development of sorted circles. During win- 
ter, a fleezing front descends from the ground surface 
with a velocity dependent on the thermal properties and 
configuration of stones and soil in the active layer. Mea- 
surements of temperature within a sorted circle during 
fleezing indicate faster fleezing front propagation in the 
stone domain than in the soil domain [Schmertmann 
and Taylor, 1965]. Freezing of fine-grained soils impels 
moisture migration to the fleezing front, resulting in 
expansion where water freezes, termed frost heave, and 
contraction where soils are desiccated by water with- 
drawal [Taber, 1929]. During thaw, ice-rich soils com- 
pact by expelling excess water and desiccated soils ex- 
pand by absorbing water. Soil expansion is also caused 
by frost heave in still frozen underlying soils as water re- 
leased by melting percolates downward [Mackay, 1980]. 
Percolating water entrains soil particles and transports 
them downward through pores betxveen stones to the 
base of stone regions with untilled pores, a process 
termed soil illuviation [ Corte, 1966; Forman and Miller, 
1984; Washburn, 1997]. Surface gradients generated by 
the subsurface redistribution of stones and soil by freez- 
ing and thawing cause downslope soil creep [Hallet and 
Prestrud, 1986; Hallet et al., 1988]. Sorting in the ac- 
tive layer arises from the dependence of these transport 
processes on the thermal and hydrological differences 
between stones and soil, resulting in laterally and ver- 
tically nonuniform stone and soil displacements [Taber, 
1929; Corte, 1961; Anderson, 1988]. 

Several environmental conditions are common to lo- 
cations where sorted circles are found. First, the surface 
layer experiences cycles of annual fleezing and thaw- 
ing. Second, soil with volumetric fractions of frost- 
susceptible fine material in the range 12-42% is present 
in the active layer for all types of sorted patterned 
ground [Goldthwait, 1976]. Third, water remains near 
the ground surface during fleezing because underlying 
permafrost inhibits drainage and the high-fine-content 
soils retain water. Fourth, air temperatures only moder- 
ately below 0øC during fleezing cause the active layer to 
freeze slowly (over a period of several weeks to months), 
resulting in substantial frost heave [Hallet and Prestrud, 
1986; Hallet, 1998]. 

1.2. Current Problem State 

Dozens of hypotheses, relying on 19 basic mechanisms 
[Washburn, 1956, 1997], have been proposed for specific 
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types and aspects of sorted patterned ground. Proposed 
mechanisms for sorted circles have primarily addressed 
three stages in their development: pattern initiation, 
accumulation of soil into a central soil domain, and the 
dynamics of well-developed forms. 

In one model for pattern initiation, inversion in the 
density of interstitial water from the base of the active 
layer (at 0øC) to the ground surface (at 4øC) during 
thawing results in a cellular pattern of thermal convec- 
tion. Down welling warm water melts the upper sur- 
face of the permafrost, modifying the interface between 
the active layer and the underlying permafrost. The 
resulting undulating interface biases active layer trans- 
port processes to produce sorted circles with the same 
pattern as the convection cells. The ratio of sorted cir- 
cle width to active layer depth predicted from a lin- 
ear stability analysis is consistent with measurements 
[Ray et al., ]983; Gleason et al., 1986; Krantz, 1990]. 
However, this model relies on coherent convection of 
water through soil pores, which has been documented 
in aquifers and snow layers [Combarnous and Bories, 
1975] but not within the highly heterogeneous soil of 
the active layer. 

Because a layer of soil commonly underlies a layer 
of stones in areas where sorted circles are forming [El- 
ton, 1927; Corte, 1961; Washburn, 1956, 1969, 1997], 
a layered configuration often is hypothesized to con- 
stitute an initial condition for sorted circle formation. 

Layering can arise directly from sorting inherent in 
the depositional processes that produced the soil (e.g., 
beach deposits and differential weathering) or from ac- 
tive layer processes, such as illuviation and frost-heave- 
driven stone uplift, operating on an initially mixed 
soil [Washburn, 1997]. Mechanisms proposed for the 
accumulation of the soil layer into a central soil do- 
main include spatially varying frost heave [Washburn, 
1956; Nicholson, 1976; Van Vliet-Lanoe, 1991; Wash- 
burn, 1997] and a density-driven instability of the stone- 
soil interface [Van Vliet-Lanoe, 1991; Washburn, 1997]. 
These mechanisms are related to sorted circle forma- 

tion with the assumption that diapiric soil plugs are a 
precursor to well-developed sorted circles. 

One mechanism proposed for the maintenance of fully 
developed sorted circles is convection of soil owing to de- 
creasing soil density with depth. This density inversion 
is hypothesized to be caused by compaction during thaw 
that starts at the ground surface and descends through 
the active layer (Mortensen [1932] referenced by Wash- 
burn [1956] [see also Hallet and Prestrud, 1986]). How- 
ever, measured soil density gradients are below the pre- 
dicted value necessary to initiate soil convection [Hallet 
and Waddington, 1991]. In a second mechanism, frost 
heave at inclined freezing fronts maintains sorted circles 
because stones move upward toward a descending fleez- 
ing front but fine-grained particles are expelled down- 
ward away from the fleezing front [Nicholson, 1976]. In 
a third mechanism, first proposed for earth hummocks 
[Mackay, 1979, 1980] and later extended to sorted cir- 

cles [Washburn, 1997], frost heave at a descending freez- 
ing front desiccates and compacts the soil domain, fol- 
lowed by vertical soil expansion during thaw and inward 
soil transport along a concave upward thaw front. The 
second and third mechanisms are incomplete in that 
they postulate but do not produce an initial fleezing 
front or thawing front inclination [Washburn, 1997]. 

Many of the proposed mechanisms have not been 
modeled physically, analytically, or numerically. None 
of the models or mechanisms treat sorted circles from 

inception to fully developed forms. The predictive ca- 
pacity of individual models is limited because of the 
small range of behavior to which they are applicable 
and because the consistency between models for differ- 
ent aspects of sorted circles has not been explored. 

1.3. New Approach 

Here we present a numerical model for sorted circle 
initiation, formation, and maintenance based on a set of 
hypothesized simplifications of the interactions between 
lateral sorting, freezing front inclination, and transport 
of stones and soil in an active layer undergoing repeated 
freezing and tha•ving. The approach underlying this 
model relies on two key assumptions. First, sorted cir- 
cles emerge owing to self-organization, the development 
of global order from local interactions [Nicolis and Pri- 
gogine, 1977], implying that mechanisms in the model 
need not reflect the form or scale of the patterns, which 
emerge spontaneously. The initiation and stabilization 
of self-organized patterns are dependent only on the 
general nature of positive and negative feedbacks acting 
locally. Second, it is assumed that many of the details of 
heat flow and stone, soil and water transport processes 
need not be included in a model for sorted circles. This 

insensitivity to detail stems from a robust property of 
nonlinear, dissipative systems: the loss of information 
associated with dissipation results in only some aspects 
of fast, small-scale processes contributing to .the dynam- 
ics of slower-evolving, larger-scale patterns that emerge 
[Werner, 1995, 1999]. 

2. Conceptual Model 

In our conceptual model, sorted circles evolve within 
an active layer that is forced by an annual cycle of freez- 
ing and thawing. The ground surface and the surface of 
the underlying permafrost constitute the boundaries of 
the active layer. Heat flow through the ground surface 
and flow of water into or out of the active layer are the 
primary interactions between the active layer system 
and the external environment. Active layer processes 
act on stones and soil differently because of their dif- 
fering thermal and hydrological properties. Soil retains 
water, releases latent heat during fleezing, enables frost 
heave, compacts when desiccated or compressed, creeps 
down low slopes, sifts downward through the pores be- 
tween stones, and expands upon absorption of water. 
Stones exhibit none of these behaviors. Sorted circles 
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emerge because of feedbacks between the configuration 
of stones and soil in the active layer and the transport 
resulting from active layer processes acting on that con- 
figuration. 

2.1. Processes 

Frost heave is the primary transport process in our 
conceptual model for sorted circle formation. Soil ex- 
pansion at the fleezing front, by ice growth, and con- 
traction of the underlying unfrozen soil, by compaction 
and desiccation, result in subsurface transport away 
from the freezing front. The freezing front moves down- 
ward from the ground surface at a rate determined by 
heat conduction and the release of latent heat when 
water freezes. Where stones and soil form distinct do- 

mains separated by a well-defined interface, with stones 
overlying soil, the morphology of the freezing front ap- 
proximates the stone-soil interface because the fleezing 
front moves rapidly through dry stones but more slowly 
through wet soil. Frost heave pushes upward, displacing 
stones and soil, and deforming the ground surface. In 
addition, frost heave and frost-heave-induced desicca- 
tion displace soil downward, compacting soil well below 
the stone-soil interface. Frost heave primarily induces 
soil expansion near the top of the soil layer because of 
the limited supply of water available for ice formation, 
limited soil compressibility, and increasing overburden 
with depth. 

Gravity drives three relaxation phenomena: com- 
paction during thaw, soil illuviation, and downslope 
surface transport. Thawing, ice-rich soils expel wa- 
ter and compact vertically under the overburden. A 
distinct interface between stone and soil domains is 

maintained by illuviation, soil sifting downward through 
the pores between stones. On the ground surface, soil 
creeps downslope, and gradients within the stone do- 
main relax (stone particles avalanche) when the surface 
slope exceeds the angle of repose. 

During thawing, compressed and desiccated soil ex- 
pands by absorption of downward percolating water. 
The direction of expansion is vertical because stresses 
caused by lateral confinement are assumed to exceed 
those from the overburden. Expansion of soil by wa- 
ter absorption during thaw reverses (in magnitude, not 
direction) the compaction of soil by frost heave dur- 
ing freezing because the soil is assumed to have under- 
gone many loading and unloading (freeze-thaw) cycles 
with similar maximum stresses, which bring a soil into a 
steady state with equal magnitudes of compression and 
expansion [Lambe and Whitman, 1969, p. 321]. 

2.2. Positive Feedback Mechanism 

In the conceptual model, the initial configuration of 
the active layer is a uniform layer of mixed stones and 
soil underlying a uniform layer of stones devoid of soil. 
Sorted circles initiate as an instability in the interface 
between the stone and soil layers. Small positive pertur- 
bations in the stone-soil interface are more compressible 
because of the greater volume of soil beneath them. Af- 
ter compressing soil locally, frost heave near the stone- 
soil interface transports soil into nearby perturbations 
where unfrozen compressible soil remains. The net ef- 
fect of soil transport by frost heave is to increase the 
amount of soil within those positive soil perturbations 
(Figure 2). Through repeated freezing and thawing, 
perturbations in the interface grow upward because of 
the asymmetry between soil compaction during freezing 
(Figure 2a), which has a lateral component, and vertical 
soil relaxation and expansion during thawing (Figures 
2b and 2c). This positive feedback initiates the pattern 
and leads to the accumulation of soil and the formation 

of soil plugs. •Ve hypothesize that these same processes 
underlying pattern initiation, combined with surface re- 
laxation, can lead to the development and maintenance 
of sorted circles. Investigation of this hypothesis re- 
quires a numerical model i•nplementing these processes. 

Figure 2. Conceptual model: cross sections indicating transport during a freeze-thaw cycle 
resulting in positive feedback mechanism for soil accumulation and destabilization of stone-soil 
interface. During freezing, (a) frost heave drives material away from the freezing front (dashed 
line), outward toward the ground surface and inward toward unfrozen soil. During thawing, (b) 
ice-rich soil near the stone-soil interface expels water and compacts vertically, while (c) desiccated 
and compacted soil expands vertically by absorbing water. 
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3. Numerical Model 

This conceptual model for sorted circles is encoded 
.nto a three-dimensional cellular computer model that 
simulates the annual freeze-thaw cycle of an active layer. 
the simulated active layer is bounded by a rigid plane 
lower surface, a mechanically free upper surface, and 
periodic lateral boundaries. 

Four types of particles occupy the cells representing 
the active layer: stone, soil, ice, and void. These parti- 
cles move as indivisible units. Ice particles and void par- 
ticles occupy an entire cell. Stone and soil particles each 
fill 50% of the volume of a cell. Because small grain-size 
soil particles can fit in the pore space of cells containing 
large grain-size stone particles, a cell can contain either 
one stone particle, one stone particle and one soil par- 
ticle, or two soil particles, but not two stone particles. 
Stone particles represent either one or many stones that 
move as a unit. Void particles do not represent pores 
in soil; rather, void particles are a discrete representa- 
tion of soil compressibility (given stresses from a typical 
freeze-thaw cycle). Cells containing one stone particle 
and one soil particle will be termed soil cells because in 
the simulations presented here (excepting section 4.4), 
all cells containing a soil particle also contain a stone 
particle (i.e., no cells contain two soil particles). The 
corresponding volumetric fraction of stones in soil do- 
mains, 0.5, is comparable to the value measured from 
a sorted circle in western Spitsbergen, 0.31 [Prestrud, 
1987]. The numbers of stone and soil particles are con- 
served. Cells are half as high as they are wide to en- 
hance vertical resolution while maintaining computa- 
tional performance. 

The thermal and hydrological properties of soil parti- 
cles differ from those of stone particles. During fleezing, 
the water content of soil particles, which determines the 
latent heat but does not constrain ice particle forma- 
tion, is assumed to be a fraction w of the soil particle 
volume. Stone particles do not contain water. Dur- 
ing freezing, ice particles can form in soil cells but not 
stone cells. Soil particles sift through the pore space 
of stone cells and creep downslope at the ground sur- 
face. Stone particles at the ground surface avalanche 
only when gradients exceed a specified angle of repose. 

Void particles and ice particles are created and de- 
stroyed during the yearly freeze-thaw cycle. Void parti- 
cles form within soil domains and render the simulated 

active layer compressible. The volume of void particles 
divided by the volume of soil particles (the volume of 
a soil particle is half the volume of a cell) is equiva- 
lent to the soil compressibility C. The formation of ice 
particles simulates the expansion of soil by frost heave. 

3.1. Freeze-Thaw Cycle 

In the numerical model, a freeze-thaw cycle is rep- 
resented by a sequence of steps corresponding to the 
physical processes of the conceptual model. 

3.1.1. Freezing and frost heave. As the active 
layer freezes, the time-dependent temperature in each 
cell, the descent of the fleezing front (--0øC isotherm), 
the formation of ice particles, and the resulting stone 
and soil displacements are simulated (Figure 3a). An 
initial temperature profile, representative of late sum- 
mer, is imposed, increasing linearly from To at the base 
of the active layer up to Tg at the ground surface. The 
temperature of unoccupied cells above cells represent- 
ing the ground surface is held at T,. for the freezing 
step, representative of the average air temperature dur- 
ing fleezing. The temperature within each cell in the 
active layer evolves because of heat diffusion and release 
of latent heat. The temperature change is calculated 
by time stepping the DuFort-Frankel finite difference 
approximation of the three-dimensional heat diffusion 

equation [DuFort and Frankel, 1953; Nogotov, 1978], 
with a correction for latent heat release after each time 
step; the change in temperature of a cell at 0øC is con- 
verted to an equivalent release of latent heat and re- 
duction in the unfrozen water content. When the un- 

frozen water reservoir of a cell at the freezing front is 
exhausted, the local freezing front descends to the cell 
below. 

When the fleezing front exits a cell containing a soil 
particle ("t" in Figure 3a), a test for formation of an 
ice particle in that cell is conducted. An ice particle 
displaces the particles from the cell in which it forms 
either toward a void cell in the unfrozen soil or toward 

the ground surface. The probability of an ice particle 
forming is the greater of two probabilities: that of dis- 
placing particles toward the nearest void cell or that of 
displacing particles toward the ground surface. These 
probabilities are assumed to decrease linearly with dis- 
tance: 

Psurf = max(O, 1 - dsurf/ds) (la) 
Pvoid = max(O, 1 - dvoid/d•), (lb) 

where d•u•f is the distance to the ground surface, dvoid 
is the distance to the void cell, parameters ds and dv 
are the distances at which P•u•f and Pvoid are zero, and 
max(A, B) is the greater of A and B. Displacements to- 
ward the ground surface follow a path that is a weighted 
average of the unit vector normal to the freezing front 
at the ice particle and the unit vector pointing from 
each displaced cell in the path to the nearest empty cell 
above the ground surface. The weights are proportional 
to the inverse distances from the displaced cell to the 
ice particle and from the displaced cell to the ground 
surface, respectively. This path of displacements starts 
out perpendicular to the freezing front, then bends to- 
ward the ground surface. Displacements toward a void 
particle follow a straight line from the ice particle to the 
void particle. This algorithm for ice formation and par- 
ticle displacement abstracts the complicated processes 
of frost heave, compaction, desiccation, granular shear, 
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stone soil frozen soil ice ll void 

Figure 3. Cross sections through a schematic of the numerical model for several stages in 
the simulated freeze-thaw cycle. Stone, unfrozen soil, frozen soil, ice, and void particles are as 
indicated. (a) Freezing and frost heave stage. The freezing front (thick solid line) migrates from 
the surface downward by heat diffusion modulated by release of latent heat from soil particles. 
An ice particle can be inserted at the location labeled "t" on the freezing front, depending on 
the probability of displacing the particles at t toward the ground surface or toward a void cell, 
equation (1). (b) Surface morphology relaxation stage. Stone particle, labeled "p", moves down 
a slope exceeding the angle of repose. Soil particles, labeled "q" and "r", move downslope with 
probabilities proportional to slope. (c) Compaction during thaw and soil illuviation stage. Ice 
particles are removed (dashed ovals), and the columns of stone and soil particles above the vacated 
cells are shifted downward. Dashed line indicates the surface after freezing but before surface 
motion. Soil particle in the stone domain (solid rectangle) moves downward to the lowest stone 
cell in the column (dashed rectangle). (d) Soil expansion stage. Void particles are added with a 
probability equal to the local volume fraction of soil until a specified compressibility C is reached. 
Dashed line indicates the surface before adding void particles. 

viscoelastic deformation, and water migration in par- 
tially frozen soils. 

3.1.2. Surface morphology relaxation. During 
thawing, downslope surface motion relaxes surface mor- 
phology (Figure 3b). Two-dimensional diffusion of ele- 
vation, a continuum approximation that models surface 
soil flux proportional to slope [e.g., Jyotsna and Haft, 
1997], is incorporated in the model by moving particles 
at the ground surface to the lowest of the eight sur- 
rounding cells with a probability AV/Vo, where Vo is 
the volume of a cell and A V is the volume that would 

diffuse during a time interval At given a difference in 

elevation between the two cells of Ah: 

Ah 

/XV -- tCsurf•-• At, (2) 
where Ksurf is a diffusion constant and Ax is the dis- 
tance between cell centers. The time step At is chosen 
such that at most one particle per column is displaced 
in a single time step. Stone particles resting on stone 
particles move downslope only if the surface elevation 
difference exceeds two cells, which is equivalent to an 
angle of repose of 45 ø . 

3.1.3. Compaction during thaw and soil illu- 
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Figure 4. Sorted circle formation and development in a 10 m x 10 m simulation with reference 
model parameters. (a) Initial configuration has a 0.6 m thick stone layer (light shading) overlying 
a 0.4 m thick soil layer (dark shading). (b) Perturbations in the stone-soil interface first reach 
the surface at --550 freeze-thaw cycles. (c) Frost heave at the stone-soil interface elevates a 
surrounding annulus of stones. (d) Frost heave drives relatively rapid radial expansion. (e) 
The underlying soil layer has been largely depleted. (f) Over long time scales relatively slow 
radial expansion, interaction between adjacent forms, and maintenance of fully developed forms 
continues. 

rounded by a 1 4-0.2 m wide annulus of stones elevated 
--0.3 m above the soil domain (Figure 4f). Sorted circles 
are spaced 3.6 4- 0.6 m apart in the reference model. 

Mean surface motion is outward from the center of 

the soil domain to its intersection with the stone do- 

main (zone 1, Figure 8) and inward from the crest of 
the stone annulus to its intersection with the soil do- 

main (zone 2, Figure 8). The small outward velocity 
beyond the crest of the stone annulus (zone 3, Figure 
8) indicates continued radial growth. A 12 year record 
of the position of surface markers on a sorted circle in 
western Spitsbergen shows a similar pattern of surface 
motion. Subsurface recirculation of soil from the pe- 
riphery of the soil domain inward (Figure 9) maintains 
the convex surface despite the high outward velocity in 
zone 1. The strong velocity gradients near the stone- 
soil interface and roughly uniform upward motion in the 
central region of the soil domain are similar to inferred 
sorted circle circulation patterns [Pissart, 1990]. A1- 
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Figure 5. Peak wavelength (from angle-averaged, ra- 
dial power spectrum) of perturbations on the stone-soil 
interface versus number of freeze-thaw cycles 
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viation. During thaw, ice-rich soil compacts, and soil 
particles sift downward through the pore space of un- 
derlying stone cells (Figure 3c). First, ice particles are 
removed and the overlying column of particles is low- 
ered one cell. Second, soil particles located above cells 
containing only a stone particle move downward to fill 
the lowest stone cell, thereby transforming it into a soil 
cell. 

3.1.4. Soil expansion. During thaw, desiccated 
soil hydrates and expands (Figure 3d). Soil expansion 
is simulated by adding void particles to the soil domains 
until a prespecified soil compressibility (total volume of 
void particles divided by total volume of soil particles), 
C, is achieved. The probability of inserting a void par- 
ticle in a cell is C times the volumetric fraction of soil 

particles in a 3 x 3 x 3 cell neighborhood. To make 
room for a void particle, the column of particles above 
the cell in which it will be inserted is shifted up one cell. 
At the conclusion of the thaw stage, cells are assigned 
an unfrozen water content equal to the water fraction 
w times the volume of soil in that cell (half the volume 
of a cell for soil cells and zero for stone cells). 

3.2. Reference Model 

A set of parameters characterizing a reference model 
was chosen, in part, based on measurements from sorted 
circles in western Spitsbergen (Table 1). The active 
layer is I m thick [Hallet and Prestrud, 1986], with an 
initial configuration of a 0.6 m thick layer of stone cells, 
hstone -- 0.6 m, overlying a 0.4 m thick layer of soil 
cells, hsoil = 0.4 m. This ratio of stone to soil vol- 
ume approximately corresponds to that of a 3 m wide 
soil cylinder surrounded by a I m wide stone annulus, 
within the observed range of sorted circles in western 
Spitsbergen [Hallet and Prestrud, 1986]. Before freez- 
ing, the soil compressibility C is 0.05, consistent with 
expansion measured in high clay content soils [Lambe 
and Whitman, 1969, p. 323]. The volumetric fraction of 
water in soil particles w is 0.1. This value, which is lower 
than observed in natural soils of this type, was chosen 
because higher values of w have little effect on model 
results (e.g., Figure 12e) but result in significantly in- 
creased simulation time. The linear temperature profile 
before freezing is bounded by T• = 0øC at the base of 
the active layer and T9 = 5øC at the ground surface 
(mean summer air temperature) [Putkonen, 1998]. The 
air temperature during freezing is assumed to be the 
annual mean, T• = -5øC [Putkonen, 1998]. Assum- 
ing the large difference in latent heat capacity between 
stones and soil overwhelms small differences in heat con- 

ductivity, a typical thermal diffusivity of ]Cheat = 10 -6 
m2/s is used for all cells [Williams and Smith, 1989]. 
The proportionality factor between surface slope and 
soil flux for surface creep is Ksurf : 5 X 10 --3 m2/yr, 
yielding a surface velocity comparable to the measured 
value .-.0.01 m/yr on a .-.1 m radius sorted circle with 
a maximum elevation difference of •0.1 m [Hallet et 
al., 1988], assuming this velocity decreases linearly to 

Table 1. Reference Model Parameters 

Parameter Value 

ds, max. dist. heave to surface 
dr, max. dist. heave to void 
hstone, stone layer thickness 
hsoil, soil layer thickness 
w, vol. fraction water in soil 
C, soil compressibility 
Tb, active layer base temp. 
T9, surface temp. before freezing 
Ta, air temp. during freezing 
]Cheat, heat diffusion const. 
Ksurf, height diffusion const. 

0.6 m 

0.6m 

0.6m 

0.4m 

0.1 

0.05 

0øC 
5øC 

-5øC 

1 x 10 -6 m2/s 
5 x 10 -3 m2/yr 

zero at roughly the same depth as the maximum eleva- 
tion difference, 0.1 m. Little information regarding the 
length scales characterizing subsurface displacement in 
the active layer is available. In the reference model, the 
distances at which the probabilities for displacing par- 
ticles to the ground surface or to a void cell fall to zero 
are set to ds = dv = 0.6 m, a significant fraction of the 
active layer depth. Cells measure 0.1 m x 0.1 m x 0.05 
m. A reference model simulation is 200 x 200 cells or 
20 m x 20 m in size. 

4. Results 

4.1. Reference Model 

In the reference model, patterns of stones and soil re- 
sembling sorted circles form and evolve over .-•500-2000 
freeze-thaw cycles (Figure 4; the simulation shown is 
10 m x 10 m for illustrative purposes). The stages of 
sorted circle development, including initiation, soil ac- 
cumulation, and maintenance, are steps in a continuous 
process that can be followed for any sorted circle in the 
reference model; however, the timing varies between in- 
dividual sorted circles. 

From an initially horizontal stone-soil interface (Fig- 
ure 4a), coherent distortions of the interface much larger 
than the cell size develop in the first few freeze-thaw cy- 
cles. Between I and 200 freeze-thaw cycles, the peak 
wavelength in these perturbations, measured from a 
radial power spectrum (a two-dimensional power spec- 
trum that has been averaged over angle for each radial 
wavenumber), increases from •0.7 to •3 m (Figure 5). 
Between 200 and 600 freeze-thaw cycles, discrete soil 
plugs emerge and expand toward the surface by col- 
lecting soil from the surrounding soil layer and through 
mergers with neighboring soil plugs (Figures 4b and 6). 
Between 500 and 700 freeze-thaw cycles, sorted circles 
emerge (Figures 4b and 4c). After soil domains contact 
the ground surface, they continue to expand rapidly 
over .-•500 freeze-thaw cycles (Figures 4b-4e and 7) un- 
til the underlying soil layer is depleted (Figure 4e). In 
well-developed forms a 2.4 4-0.5 m diameter circular soil 
domain extends to the base of the active layer and is sur- 
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Cycle 550 

Figure 6. The stone-soil interface in the reference 
model after 550 freeze-thaw cycles, illustrating soil 
plugs. Overlying stone layer in Figure 4b has been re- 
moved. 

though the streamlines of circulation in the soil domain 
are irregular (Figure 9), the mean period of circulation 
can be approximated assuming a circular path with a 
radius half the active layer depth, 0.5 + 0.2 m, and a 
mean soil velocity of 0.0042 + 0.001 m/yr, which is av- 
eraged over 10 freeze-thaw cycles starting with cycle 
1500 (the velocity field is calculated from 200 simula- 
tions starting with the same configuration of stones and 
soil but using different sequences of random numbers). 
The mean period of circulation, 750 + 350 years, is com- 
parable to the 500 year period inferred for sorted circles 
in western Spitsbergen [Hallet and Prestrud, 1986]. 

4.2. Sensitivity to Parameters 

Qualitatively, whether sorted circles form does not 
depend on most of the model parameters. However, 
quantitative characteristics of sorted circles, including 
spacing, size, and formation time, are sensitive to some 
parameters. The effects of varying simulation param- 
eters one at a time from their reference model values 

on the following characteristics of sorted circles are dis- 
cussed: (1) initial spacing between soil plugs and be- 
tween sorted circles, (2) time for sorted circles to form, 
(3) mean circulation velocity of the soil domain, and (4) 
sorted circle formation criteria. 

4.2.1. Initial spacing. In the reference model, 
soil plugs form as isolated features in a manner that de- 
pends primarily on the initial thicknesses of the stone 
and soil layers, hstone and hsoil, and on the distance at 
which the probability of an ice particle displacing soil 
to a void cell falls to zero, dr. If the soil layer thick- 
ness is less than -•40% of the active layer thickness, the 
initial spacing between sorted circles equals the spacing 
between soil plugs. If the thickness of the soil layer is 
greater then -•40% of active layer thickness, soil plugs 
form faster and closer together, evolving into circular, 
elongate, and labyrinthine patterns (Figure 10), primar- 
ily through mergers between neighboring soil domains. 
In this case, spacing depends in a complicated manner 
on parameters. 

The initial spacing between soil plugs, estimated from 
the peak of the radial power spectrum of the stone-soil 
interface height, increases as dv increases (Figure 11a). 

Spacing also varies weakly with the inverse of the water 
content of soil w, decreasing from 3.3 m to 2.5 m as w 
increases from 0.02 to 0.3. A similar dependence holds 
for T,, with spacing decreasing as T, increases. As the 
thickness of the initial soil layer hsoit increases, the spac- 
ing between soil plugs decreases (Figure 11b) because 
the minimum volume of soil required for soil plugs to 
rise to the surface can be acquired from a smaller area. 
Spacing does not fall below -•2 m because soil plugs 
separated by < 2 m readily merge. 

4.2.2. Formation time. The time required for 
sorted circles to form, taken here to be the number of 
freeze-thaw cycles before a soil plug contacts the ground 
surface, depends on the rate at which soil accumulates 
into plugs and the volume of soil required for a soil plug 
to reach the ground surface. 

The primary parameters determining soil accumula- 
tion rate are the compressibility C and hsoil (Figures 12a 
and 12b). As soil compressibility increases, the rate of 
soil accumulation is amplified by increasing the number 
of subsurface transport events per freeze-thaw cycle. An 
increase in hsoil also results in an increase in the num- 
ber of subsurface transport events per freeze-thaw cycle 
and a consequent decrease in the time required to form 
sorted circles. 

The volume of soil plugs contacting the surface is 
determined by the parameters d•, hstone, w, and T•. 
The mean distance that soil is transported in a freeze- 
thaw cycle increases with d•, thereby increasing the 
soil collection rate and tending to decrease sorted circle 
formation time. However, if d• < -•0.8 m, the spac- 
ing between soil plugs (Figure 11a) and the initial soil 
plug volume both increase with increasing d,sufficiently 
fast to overwhelm the increasing soil collection rate, re- 
sulting in increasing formation time (Figure 12c). If 
dv > -•0.8 m, the spacing between developing soil plugs 
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Figure 7. Soil domain diameter for a single sorted 
circle in the reference model versus number of freeze- 
thaw cycles. Diameter is calculated from the number of 
soil cells at the surface, assuming a circular soil domain. 
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:Figure 8. Mean surface ¾e]ocity on a we]]-deYe]oped sorted circle in the reference mode] and 
mean surface ¾e]ocity on a we]]-deYe]oped sorted circle in western Spitsbergen based on sequential 
measurements during a 12 year period starting in 1985. Markers, consisting of both marked stones 
and pegs ¾ertical]y implanted within the upper decimeter oœ soil, were measured manually (see 
Hallet and _Pr½strud [:1986] for discussion oœ the measurement technique and analysis of errors 
mm)). Reference mode] ¾e]ocity field is an aYerage of 200 simulations, with different sequences of 
random m]mbers, of a single sorted circle during the :10 year period from cycle :150:1 to cycle :15:10; 
:1•r error bars reflect the ¾ariation in these simubtions. PositiYe ¾e]ocities indicate motion away 
from the soil domain center. In the mode], surface motion in zone :1 (soil domain) is away from 
the center of the sorted circle and decreases to zero at the stone-soil intersection. In zone 2 (inner 
slope of stone domain), surface motion is toward the center of the sorted circle. In zone 3 (outer 
slope of stone domain), surface motion is away from the center of the sorted circle, indicating 
ractia] growth. A similar pattern of displacements was measured in western Spitsbergen. 

is determined by interactions and mergers that are less 
strongly correlated with dr; in this case, the increasing 
mean soil displacement distance per freeze-thaw cycle 
with increasing d• decreases formation time. Sorted 
circle formation time increases with increasing hstone 
(Figure 12d) because soil plugs require more time to 
penetrate a thicker stone layer. 

Formation time is sensitive to w and T, through their 
effects on the amount of ice in soil plugs relative to sur- 

rounding regions. Greater ice formation in soil plugs 
displaces soil into the surrounding regions, suppressing 
soil plug growth and selecting for larger spacing and 
volume of soil plugs contacting the ground surface. In- 
creasing w increases the stabilizing effect of latent heat 
(coupling the freezing front to the stone-soil interface), 
resulting in a more uniform distribution of ice on the 
stone-soil interface, less suppression of soil plug growth, 
smaller initial volumes, and shorter formation times for 
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Figure 9. Velocity vectors in a cross section of a well-developed sorted circle from the reference 
model, as in Figure 8. Solid line is the soil surface; dashed line is the ground surface. 
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Figure 10. Sorted circles evolve to more geometrically 
complicated forms for volumetric fractions of soil in the 
active layer greater than ,-•0.4. Shown is a 10 m x 10 m 
simulation with reference model parameters, except the 
initial configuration is a 0.6 m thick stone layer (light 
shading) overlying a 0.6 m thick soil layer (dark shad- 
ing), in contrast to hsoil: 0.4 II• in the reference model. 
(a) After 300 freeze-thaw cycles circular soil plugs have 
risen to the surface. (b) After 1000 freeze-thaw cycles 
soil domains have coalesced, forming a labyrinthine pat- 
tern. 

w > -•0.05 (Figure 12e). However, for w < -•0.05, neg- 
ative perturbations in the stone-soil interface are un- 
stable (increasingly unstable with decreasing w), driv- 
ing soil away from soil-depleted regions, increasing the 
rate of soil accumulation, and decreasing the formation 
time (Figure 12e). Soil plug spacing and volume de- 
crease with increasing surface temperature (closer to 
0øC) during freezing because the freezing front more 
closely conforms to the stone-soil interface when latent 
heat is removed more slowly. The resulting more uni- 
form distribution of ice particles on the stone-soil inter- 
face suppresses soil plug growth less, thereby decreasing 
formation time, spacing, and volume (Figure 12f). 

4.2.3. Mean soil domain velocity. The mean 
particle velocity in the soil domain of a well-developed 
sorted circle is primarily dependent on the soil com- 
pressibility C (Figure 13a). Particle velocities increase 
with increasing C because the overall number of dis- 
placements by frost heave scales with the number of 
void particles and because displacement directions be- 
come less random as the density of void particles in- 
creases, thereby increasing the net circulation velocity. 

Mean soil domain particle velocity decreases with 
time (Figure 13b) because as the stone-soil interface 
steepens and the diameter of the soil domain increases, 
inward displacements originating at the stone-soil in- 
terface, which underlie circulation, become a smaller 
fraction of the total number of frost-heave-induced dis- 

placements. Variations in circulation velocity with C 
and time overwhelm variations in velocity with other 
parameters. 

4.2.4. Formation criteria. In the model, the pa- 
rameters determining whether sorted circles form and 
are maintained are ds, dr, hsoil, hstone, C and w. Vari- 
ation in these parameters from the reference model val- 
ues, one at a time, can result in several alternatives 
to sorted circle formation and maintenance, including a 
persistent unpatterned state, formation of sorted circles 
as a transient state in the development of other pat- 
terns, or the direct emergence of patterns other than 
sorted circles. 

Sorted circles form if ds < -•0.8 m. If ds > -•0.8 
m, soil accumulates into subsurface plugs that cannot 
penetrate the stone layer because frost-heave-induced 
displacements toward the surface that disperse soil over- 
whelm inward displacements that accumulate soil into 
soil plugs. 

Sorted circles form if dv > 0.4 m because positive per- 
turbations in the stone-soil interface are unstable and 

. . , •, dv = 1.Ore o dv = 0.8m 
•'4 * dv = 0.6m 
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Figure 11. Dependence of spacing on dv, time, and 
hsoil- (a) Peak wavelength of perturbations on the 
stone-soil interface versus time for dv = 0.4-1.0 m. In- 
crease in peak wavelength with time indicates nonlin- 
earity. (b) Mean spacing of sorted circles versus soil 
layer thickness hsoil- 
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Figure 12. Dependence of formation time (number of freeze-thaw cycles until the soil domain 
first contacts the ground surface) on (a) soil compressibility C, (b) soil layer thickness hsoi•, (c) 
maximum distance an ice particle can displace particles to a void cell dr, (d) stone layer thickness 
]'stone, (e) volumetric fraction of water w, and (f) air temperature Ta. 

develop into soil plugs. If dv < 0.4 m, negative pertur- 
bations in the stone-soil interface are unstable, resulting 
in penetration of stone plugs to the base of the active 
layer rather than soil plugs to the ground surface. In 
this case, sorted circles do not form. 

Stable sorted circles form if ,-,0.1 m • hsoil • ,'•0.6 
m. If hsoil • --,0.1 m, an insufficient supply of soil exists 
for soil plugs to rise to the surface. If hsoil • ,'•0.6 
m, sorted circles are a transient pattern, with mergers 
between sorted circles leading to the development of 
labyrinthine sorted features (Figure 10). 

Sorted circles form if hstone • 0.4 m. If hstone • 0.4 
m, small-amplitude soil plugs can form, but they do 
not rise to the surface because displacements toward 
the surface caused by frost heave, which disperse soil, 
overwhelm inward displacements, which accumulate soil 
(as for ds > 0.8 m). Sorted circles form if hstone is com- 
parable to or greater than ds (-- 0.6 m for the reference 
model). 

Sorted circles form if C > ,-,0.01. If C < ,-,0.01, frost- 
heave-induced displacements toward the surface trans- 
porting soil away from the soil plugs dominate over soil 
accumulation through rare downward displacements to- 
ward sparsely distributed void cells. 

Stable sorted circles form if w > ,-,0.02. If w < 0.02, 
sorted circles repeatedly form, expand radially, and col- 
lapse. This transient behavior reflects the interplay be- 
tween fast soil accumulation and processes that disperse 
soil after surface morphology relaxes. For small w (min- 
imal latent heat release), the freezing front travels at 
nearly the same speed in the stone and soil domains; the 
morphology of the freezing front reflects the ground sur- 
face morphology instead of the stone-soil interface mor- 
phology (as for larger w). Initially, the freezing front 
morphology is coupled to the stone-soil interface mor- 
phology because perturbations in the stone-soil inter- 
face distort the ground surface. As the surface expres- 
sion of the soil plug relaxes, the freezing front morphol- 
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Dependence of mean particle velocity 
within soil domains on soil compressibility C and time. 
(a) Mean particle velocity versus C for well-developed 
sorted circles. (b) Mean particle velocity versus time for 
a developing sorted circle. Dependence of particle ve- 
locity on C and time overwhelms dependence on other 
parameters. 

on sorted circle characteristics depends on the imposed 
wavelength relative to spacing between sorted circles in 
the reference model (•03.6 m). For all wavelengths, soil 
plugs first initiate at locations where the soil layer is 
thickest. If A < •01.5 m, sorted circles develop as in the 
reference model. If •1.5 m < A < •2.5 m, sorted circles 
develop at the wavelength of the imposed perturbation, 
but then they interact and merge to form sorted circles 
at the reference model spacing of •03.6 m. If ..02.5 m 
< ,X < •010 m, sorted circle spacing and location re- 
flects the template. If ,X > ..010 m, sorted circle spacing 
and location initially reflects the template, but addi- 
tional sorted circles later appear between these initial 
forms. 

Frost heave at an upward propagating freezing front 
has been suggested as an operative process in patterned 
ground [Mackay, 1980; Van Vliet-Lanoe, 1991; Wash- 
burn, 1997]. Temperature gradients of 2ø-4øC/m have 
been measured at the top of the permafrost near pat- 
terned ground on Cornwallis Island [Cook, 1955] and 
beneath a sorted circle in Thule, Greenland [Schmert- 
mann and Taylor, 1965]; both locations have recorded 
annual mean temperatures of-10 ø to -15øC. A se- 
ries of simulations have been conducted using the pro- 
cesses and parameters of the reference model plus an 
upward propagating freezing front driven by a temper- 
ature gradient, ranging from 0.01 ø to 10øC/m, imposed 
at the base of the active layer. For temperature gra- 
dients < 4øC/m, less then 1% of the soil compression 
results from the upward propagating freezing front, im- 
plying that an upward propagating freezing front has 
negligible impact on the initiation of soil plugs or the 
formation of sorted circles. For large temperature gradi- 
ents (> 5øC/m), the upward propagating freezing front 
has a significant impact on soil compression and can 
induce a change from sorted circle formation to stone 
island formation. 

ogy decouples from the stone-soil interface morphology, 
and the soil plug freezes earlier and with greater frost 
heave than the surrounding region. As a result, the 
soil is displaced away from the soil plug, leading to its 
collapse. 

4.4. Upfreezing 

Under repeated freezing and thawing, isolated stones 
migrate upward through the soil column and perpendic- 
ular to the freezing front a distance proportional to the 
strain induced in the surrounding soil by frost heave 

4.3. Permafrost-Active Layer Interface 

The emergence of features resembling sorted circles 
in the model, starting from an unpatterned state, indi- 
cates that the mechanisms included in this model are 

sufficient to produce the pattern without prior estab- 
lishment of a template through additional mechanisms. 
To investigate the hypothesized influence of a morpho- 
logical template pattern in the base of the active layer 
on sorted circle formation [Ray et al., 1983; Gleason 
et al., 1986; Krantz, 1990], two-dimensional sinusoidal 
perturbations, with an amplitude of 0.2 m and wave- 
length A = 1-20 m, were applied to the lower bound- 
ary of the reference model. The effect of this template 

Cycle 2000 .... 
Figure 14. Reference model (10 m x 10 m) after 2000 
freeze-thaw cycles with upfreezing instead of soil illuvi- 
ation. Sorted circles with poorly defined stone annuli 
and incomplete lateral sorting develop. 
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[Anderson, 1988]. Upfreezing of stones has been hy- 
pothesized to be a contributing mechanism to the for- 
mation of sorted circles [Washburn, 1956, 1997], but 
the rate of upfreezing and the depth to which it oper- 
ates, as measured in laboratory experiments, might be 
insufficient to produce the initial conditions of a sub- 
stantial soil-free stone layer overlying a soil layer and to 
maintain the well-defined stone-soil interface found in 

sorted circles [Prestrud, 1987]. In the model, the initial 
condition of stones overlying soil and the well-defined 
stone-soil interface result from soil illuviation, which is 
assumed to operate efficiently to the base of the active 
layer. To test the influence of upfreezing, in lieu of il- 
luviation, the model was modified so that (in place of 
the illuviation step) the contents of a cell containing a 
stone particle is exchanged with the contents of the cell 
above with a probability that is proportional to the vol- 
umetric fraction of ice in the surrounding 3 x 3 x 3 cell 
neighborhood (equivalent to the strain i. nduced by frost 
heave). All other processes and parameters were left as 
in the reference model, except that the initial configu- 
ration was a I m thick layer of randomly mixed stone 
and soil cells in the same ratio as the reference model. 

In the model, probabilities of upfreezing as low as 10% 
of the volumetric fraction of ice (compared to values 
from upfreezing experiments as high as 50% of the frost 
heave strain [Anderson, 1988]) were sufficient to pro- 
duce ill-formed sorted circles. Upfreezing probabilities 
as high as 100% of the volumetric fraction of ice lead to 
patterns lacking a coherent elevated stone annulus and 
a well-defined stone-soil interface (Figure 14). 

In this upfreezing model, sorted-circle-like patterns 
emerge from an initial configuration with a randomly 
mixed layer of stones and soil; however, sorted circles 
form only after substantial vertical sorting has been 
achieved. In all simulations presented here (including 
either illuviation or upfreezing), soil plugs emerge from 
an underlying soil layer as the precursor to sorted cir- 
cles, as hypothesized in numerous discussions of sorted 
patterned ground [e.g., Washburn, 1956; Nicholson, 
1976; Van Vliet-Lanoe, 1991; Washburn, 1997]. 

5. Discussion 

Employing only mechanisms documented in natural 
active layers, forms resembling sorted circles emerge in 
the reference model. Sorted circles in the model and 

those in natural settings have many characteristics and 
behaviors in common, including (1) a central, circular 
soil plug domed upward, with diameter ,-•3 m, (2) a sur- 
rounding annulus of stones, ,-•0.5-1 m across, elevated 
,-•0-0.5 m above the intersection with the soil domain, 
(3) coherent circulation in the soil domain that is up- 
ward in the center, outward at the surface, downward 
at the interface between stone and soil domains, and to- 
ward the center at depth, with similar circulation peri- 
ods (7504-350 years, ,-•500 years), (4)circulation within 
the stone domain in the opposite sense, and (5) envi- 

ronmental conditions consisting of annual freezing and 
thawing of the near-surface layer, saturated or near- 
saturated frost susceptible soil, and an initial mixture 
of stones and fine-grained soil, separated into distinct 
stone and soil layers. 

In the model, sorted circles form by self-organization 
in which local and stochastic transport processes be- 
come globally coherent as the pattern develops. The 
formation and development of the pattern depend, in 
a complicated manner, on the parameters characteriz- 
ing the fundamental processes of the model. However, 
sorted circle development is insensitive to most details 
of these processes because of self-organization, depend- 
ing robustly on only a few critical feedbacks. 

5.1. Sorted Circle Development 

In the model, the same transport processes oper- 
ate throughout all stages of sorted circle development. 
During freezing, frost heave pushes soil from the freez- 
ing front toward void cells in the unfrozen soil with- 
out regard to direction (Figure 15a). During thaw, soil 
compressibility is recovered by creation of void parti- 
cles, resulting in vertical expansion (Figure 15b). Our 
interpretation of how this directional asymmetry acts 
to desti•bilize the initial stone-soil interface, form soil 
plugs, drive soil plugs to the surface to form sorted cir- 
cles, and maintain the steady state form and behavior 
of sorted circles is described below. 

5.1.1. Pattern initiation. In the model, sorted 
circles initiate through an instability in the stone-soil in- 
terface caused by frost heave. Positive perturbations in 
the interface grow because more soil is transported into 
a soil column below a perturbation by ice formation in 
adjacent regions than is transported to adjacent regions 
from ice formation within the soil column. This imbal- 

ance depends on two robust properties of the model: 
(1) the number of ice particles formed in a soil column 
(i.e., the number of transport events away from that 
column) is roughly uniform, irrespective of stone-soil 
interface morphology (Figure 15a), because the freez- 
ing front mimics this interface for small-amplitude per- 
turbations, and (2) the number of void particles in a 
soil column below a perturbation (i.e., the number of 
transport events into that column) is greater than the 
number of void particles in adjacent columns (Figure 
15b) because the number of void particles emplaced in 
a column is proportional to the soil column height (i.e., 
uniform distribution of void particles). This positive 
feedback, in which frost heave transports soil laterally 
toward soil-rich regions, is not reversed during thaw be- 
cause consolidation of soil by removal of ice particles 
and expansion of soil by addition of void particles both 
displace soil vertically (owing to lateral confinement). 
Consequently, the amplitude of perturbations on the 
stone-soil interface increases with time. 

The origin of a prominent peak in the angle-averaged, 
radial power spectrum of the stone-soil interface height 
can be explored with a linear stability analysis. For 
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Compressible 
o 
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number of void particles in the soil columns within a dis- 
tance dr, which is the average height weighted by the 
linearly decreasing probability of forming an ice particle 
with increasing distance to a void particle: 

Hr 0 • 

dH(xo,Yo) 
dt C(H(xo,Yo) 

foa" fo2=Hro(1-•)rdOdr) (3a) 
foa"f: ' (1- •)rdOdr 

H(r cos0 + Xo, r sin 0 + y0). (3b) 

Assuming a solution of the form H- Ho ewt+i(k'x+kvy) 
in (3), with wave numbers ks and ky, yields a growth 
rate co of 

av/1 + 

+2• (2/+ 3)(2/- 1) •=0 

(4) 

where Jm is the Bessel function of order m. The depen- 
dence on dv of the wavelength of the peak of this disper- 
sion relation, approximately linear with d•, is consistent 
with the dependence on d• of the initial wavelength of 
the peak of the radial power spectrum of the stone- 
soil interface height in the model (Figure 16). However, 

Figure 15. Instability of stone-soil interface in model 
(schematic cross sections). (a) Positive perturbations in 
the stone-soil interface. These are unstable because uni- 

form frost heave near the stone-soil interface displaces 
soil laterally toward regions with taller soil columns, 
which have a greater number of void particles. (b) 
Cross section showing that during thaw, after ice-rich 
soil compacts, soil expands vertically by addition of void 
particles in proportion to the stone-soil interface height. 
The asymmetry between laterally biased frost-heave- 
induced displacements and unbiased vertical thaw com- 
paction and soil expansion by addition of void particles 
results in net transport of soil toward regions where the 
interface height is greatest, further raising the interface. 

small-amplitude perturbations the change in height of 
the interface at location Xo is approximately propor- 
tional to the difference between the height at Xo, H(xo), 
and a weighted average of the interface height over a dis- 
tance d• from Xo. This relationship stems from mass 
conservation: change in height is proportional to the dif- 
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Figure 16. Peak wavelength of perturbations on the 
stone-soil interface after one freeze-thaw cycle and af- 
ter 200 freeze-thaw cycles (when soil plugs have formed) 
versus d• (peak from angle-averaged, radial power spec- 
trum averaged over 20 independent simulations). Lines 

ference between the number of transport events bring- indicate the wavelength with maximum growth rate 
ing soil into the soil column below xo and the number of from a linear stability analysis (A - 2•r/kx from (4)). Dashed line assumes plane-wave perturbations (ky - 0). 
transport events originating in and removing soil from Solid line assumes symmetric perturbations (kx - ky). 
the soil column below Xo. The former is equal to the Linear stability analysis prediction is consistent with 
number of void particles in the column (proportional the initial spacing, but soil plug spacing is decoupled 
to H(xo)), and the latter is a weighted average of the from the initial spacing by nonlinearities. 
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this analysis does not address the increase in peak wave- 
length with time in the model (Figures 5, 11a, and 16). 

5.1.2. Soil plug formation. In the model, per- 
turbations in the stone-soil interface initiate through 
a positive feedback, which favors wavelengths roughly 
equal to d.v. The development of this instability, as 
described in section 5.1.1, requires that ice particles 
form uniformly on the stone-soil interface, a circum- 
stance achieved only if the freezing front mimics the 
stone-soil interface. If the freezing front velocity in the 
soil domain is not negligible compared with its veloc- 
ity in the stone domain, the shape of the freezing front 
diverges from the shape of the stone-soil interface as 
perturbations grow. The descending freezing front then 
penetrates a positive soil perturbation before reaching 
the stone-soil interface in surrounding regions; ice par- 
ticles form first in the perturbation, pushing soil toward 
void cells in unfrozen soil surrounding the perturbation. 
This finite amplitude effect, which drives soil away from 
positive perturbations, is an amplitude-dependent neg- 
ative feedback that favors long-wavelength features. As 
a result, the peak wavelength of perturbations on the 
stone-soil interface increases with time (Figures 5 and 
16). 

The increase in wavelength of perturbations on the 
stone-soil interface, driven by increasing negative feed- 
back with increasing amplitude, is accomplished through 
mergers between initial forms. The wavelength stabi- 
lizes with further increases in amplitude because the 
redistribution of soil required to transition to the in- 
creasing favored wavelength cannot keep pace with the 
amplitude growth rate at the existing wavelength. As 
frost heave continues to displace soil into the core of 
these stabilized features, they rise toward the ground 
surface and develop a radially symmetric form (Fig- 
ure 6) resembling soil plugs [Washburn, 1997]. This 
mnplitude dependence of the length scale, indicative of 
nonlinearity, precludes application of a linear stability 
analysis to determine the spacing of either soil plugs or 
sorted circles. 

5.1.3. Sorted circle formation and growth. 
As a rising soil plug approaches the ground surface, 
outward and upward transport by frost heave results 
in radial expansion of the soil domain, relaxation of 
the mound of stones elevated by the rising soil plug, 
and creation of an elevated stone annulus around the 

soil domain. After a soil plug contacts the ground sur- 
face, its radial expansion is accelerated by outward soil 
creep on the convex soil domain surface formed through 
frost-heave-induced displacement of soil from the flanks 
of the soil domain to its center. Relatively rapid radial 
expansion of soil domains continues until all soil from 

the underlying soil layer has been depleted (Figures 4 
and 7). 

An additional mechanism by which sorted circle soil 
domains expand or contract involves exchanges of soil 
through a network of soil conduits connecting adjacent 
sorted circles at the base of the active layer (Figure 17). 
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Figure 17. (a) Map of interface type for a 10 m x 10m 
simulation with reference model parameters after 1300 
freeze-thaw cycles: interface between soil domains and 
the ground surface (medium grey shading), interface be- 
tween stone and soil domains (light grey or white shad- 
ing), and interface between stone domains and the ac- 
tive layer base (solid black shading). (b) Cross-sectional 
view through A-A', showing soil only. Soil domains of 
neighboring sorted circles are connected at depth by 
soil conduits, which enable planform pattern changes 
through transfer of soil to, from, and through the con- 
duits. 

The order in which soil domains and soil conduits freeze 
determines which features grow at the expense of their 
neighbors. Those that freeze first expel soil into un- 
frozen adjacent features. A small sorted circle con- 
nected by a conduit to a larger sorted circle freezes more 
rapidly, displacing soil through the conduit to the larger 
soil domain and ultimately giving rise to a single, large 
sorted circle. Sorted circles of approximately the same 
size connected by a soil conduit expel soil into the con- 
duit if they freeze first or receive soil from the conduit 
if the conduit freezes first. The length of the soil con- 
duit (the distance between soil domain edges) is the 
primary factor determining the order of freezing. If the 
sorted circle soil domains freeze first (generally char- 
acterized by shorter conduits), an oblate sorted circle 
develops centered on the conduit. If the conduit freezes 
first (generally characterized by longer conduits), the 
conduit is severed, and the two isolated sorted circles 
evolve independently. 

The long-term spacing between sorted circles depends, 
in a complicated manner, on the initial spacing of soil 
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Figure 18. A simple model for soil domain radius and 
minimum sorted circle spacing. An inner soil cylinder, 
the height of the active layer, expands by depleting a 
disk-shaped region in the underlying soil layer. As- 
suming soil can be transported to the cylinder from 
a maximum distance of d, expansion continues until 
re - rl - d, The final soil domain radius follows from 
the condition that •r12(hsoil + hstone) - •r22hsoil - The 
minimum center-to-center spacing of noninteracting soil 
domains is then 2(rl + dv). 

plugs and interactions between neighboring soil do- 
mains. However, a model that predicts the soil do- 
main radius and the minimum distance between non- 

interacting sorted circles can be constructed from ge- 
ometrical arguments (Figure 18). Assuming that the 
soil domain of a sorted circle is a cylinder of soil with 
radius rl and height equal to the active layer depth 
(hsoil-3-hstone), a soil domain expands by depleting the 
underlying soil layer to a distance d• from the edge of 
the soil domain (r2 - rx + d•), and soil volume is con- 
served (•r12(hsoil q-hstone) - •r22hsoil), the resulting 
soil domain radius is 

dv 
7"1 = ß (5) 

/ hsoil-l-hstone __ 1 hsoi! 

For reference model parameters the predicted soil do- 
main radius is 1.03 m, which is consistent with the 
1.2 + 0.3 m mean soil domain radius in the reference 

model. The minimum center-to-center spacing between 
noninteracting soil domains (2(rl + dr)) is 3.3 m, con- 
sistent with the 3.6 + 0.6 m mean spacing in the ref- 
erence model. This simple model is limited in that it 
only applies when the volumetric fraction of soil is large 
enough that sorted circles abut but not so large that 
interactions between soil plugs or sorted circles lead to 
labyrinthine sorted patterns. With a thinner soil layer, 
soil accumulates more slowly, and soil plugs remain at 
depth as long-wavelength, low-amplitude features. The 
gradation in soil column height on the flanks of a soil 
plug results in a, fiux of soil toward the soil plug over 
distances much greater than dr. To predict the length 
scale of soil plugs and sorted circles in this case, a model 
for the interplay between the negative feedback driving 
soil away from soil plugs and the positive feedback ac- 
cumulating soil will be required. 

5.1.4. Maintenance and dynamics of well- 
developed sorted circles. In the model, sorted cir- 
cles in an approximate steady state are characterized 
by a convex circular soil domain surrounded by an ele- 
vated stone annulus with a distinct crestline and slopes 
at the angle of repose. The well-defined interface be- 
tween stone and soil domains is maintained by soil il- 
luviation. The surface morphology is maintained dy- 
namically, with both stone and soil domains circulating 
upward in their centers and downward at their periph- 
eries (Figures 9 and 19). 

In the soil domain, frost heave forces soil from the 
stone-soil interface toward the center of the soil domain 

b 
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Figure 19. Maintenance of a fully developed sorted circle in the model (schematic cross sec- 
tions). Solid arrows indicate transport direction during each stage of the freeze-thaw cycle. (a) 
Cross section showing that during freezing, frost heave displaces material away from the freezing 
front (dashed line): outward toward the ground surface and inward toward unfrozen soil. (b) 
Cross section showing that during thaw, ice-rich soil near the surface and stone-soil interface 
expels water and compacts vertically. Soil sifts downward through the pore space between stones 
(illuviation); soil on the surface creeps downslope. (c) During thaw, desiccated and compacted 
soil expands vertically by the addition of void particles. 



13,304 KESSLER ET AL.: A MODEL FOR SORTED CIRCLES 

(Figure 19a), expansion by addition of void particles 
during thaw displaces soil upward (Figure 19c), soil re- 
laxes outward on the convex soil domain surface by soil 
creep (Figure 19b), and soil on the flanks of the soil 
domain relaxes downward by removal of ice near the 
stone-soil interface and by soil illuviation in the stone 
domain (Figure 19b), completing the loop. Frost heave 
originating near the stone-soil interface in the upper 
part of the soil domain pushes outward and upward, 
elevating and steepening the surface of the stone annu- 
lus primarily inside its crestline and leading to inward 
transport of stones on slopes in excess of the angle of 
repose. This results in a pattern of circulation in the 
stone annulus opposite in sense to the circulation in the 
soil domain. Rare displacements by frost heave (lower 
in the soil domain) to the outer slope of the stone an- 
nulus displace its crestline outward. 

5.2. Further Research 

A number of problems and questions requiring fur- 
ther research are suggested by the results of the model 
and the interpretations we have presented, including 
how the abstracted rules and parameters in the model 
correspond to physical processes and measurable quan- 
tities in the natural system. For example, water is not 
treated explicitly in the model. The volumetric fraction 
of water in a soil cell w determines the velocity of the 
freezing front in soil; however, the soil compressibility C 
determines the number of ice particles that form (frost 
heave). The two parameters are not coupled, leading 
to the possibility of unrealistic behavior, such as frost 
heave and consequent pattern formation when w = 0. 
In natural active layers, frost heave might be limited by 
water availability, soil compressibility, or some combi- 
nation of the two. Because of the prominent role frost 
heave plays in sorted circle formation a more complete 
treatment of water and soil compressibility would signif- 
icantly improve the delineation of the physical parame- 
ters controlling the occurrence and properties of sorted 
circles. Similarly, the physical process underlying soil 
expansion during thaw could be treated more accurately 
with regard to the spatial distribution and the numer- 
ical value of C if the relative roles of water absorption 
and frost heave could be ascertained. Finally, vertical 
sorting between stone and soil domains is a critical pro- 
cess in sorted circle formation. In the model, illuviation 
transports soil to the base of the stone layer within one 
freeze-thaw cycle. Determining the contributions of soil 
illuviation and upfreezing to sorting and testing the as- 
sumption of rapid soil illuviation, through further mod- 
eling and measurements, could help to constrain the 
predicted conditions under which and the speed with 
which sorted circles form. 

In the model, sorted circle formation, size, and spac- 
ing are strongly dependent on the parameter dr. How- 
ever, this parameter does not correspond clearly with 
an identified property of soils, nor has the functional de- 

pendence of ice formation on d•, been modeled or n•ea- 
sured. In the model, soil displacements in sorted circlt•s 
are coherent over a distance dr, which is typically 25- 
50% of the soil domain diameter. Furtl•er progress ot• 
modeling sorted circles will require determining how ice 
lenses forming within a freezing front coherently dis- 
place soil over this range, perhaps using a model for 
stresses and strains within a partially frozen, partially 
saturated heterogeneous soil. 

Because displacement paths of neighboring ice par- 
ticles are determined sequentially and individually, tl•e 
model introduces small-scale rando•nness and mixing 
that are not expected to be present in natural active 
layers, where frost-heave-induced displacements should 
be more coherent. Consequently, comparison between 
particle velocities in the model and measurements from 
natural sorted circles has required averaging over many 
simulations with different sequences of random num- 
bers. Further and better comparisons might be facili- 
tated by a model in which correlation of displacements 
is enforced. 

In addition to exploring the range of conditions un- 
der which sorted circles form and are stable, variation of 
model parameters has indicated that a broader range of 
sorted patterns (i.e, labyrinthine sorted features, stone 
islands, and downward stone plugs) might be formed by 
these processes under different conditions, such as high 
volumetric fractions of soil, small d, low volumetric 
water fractions w, or an upward propagating freezing 
front. Moreover, a range of sorted patterns found in 
natural active layers do not occur in the model, includ- 
ing sorted polygons. Progress and insights into which 
mechanisms and parameters underlie the transition be- 
tween patterns could be gained from further exploration 
of this model and by developing models with additional 
or differing active layer processes. 

6. Conclusions 

Numerous hypotheses for the initiation, development, 
and long-term maintenance of sorted circles have been 
proposed; however, most of these hypotheses have not 
been modeled in sufficient detail that differing mecha- 
nisms can be compared. We have presented a numer- 
ical model for all stages of sorted circle development, 
in which freezing front propagation, frost heave, soil 
illuviation, surface creep, compaction during thawing, 
and soil expansion by water absorption act to trans- 
port stones and soil in a simulated active layer during 
an annual freeze-thaw cycle. 

Many of the qualitative and quantitative character- 
istics of sorted circles are reproduced: (1) •3 m wide 
convex circular soil domains, which emerge from a lat- 
erally uniform active layer after several hundred freeze- 
thaw cycles, (2) an encircling 0.5-1.0 m raised annulus 
of stones, and (3) coherent circulation in both stone and 
soil domains, with period -•750 years in the soil domain. 
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A robust positive feedback operates throughout all 
stages of sorted circle development. Expansion by frost 
heave at the interface between stone and soil domains 

transports soil toward the soil domain and stones to- 
ward the stone domain. Acted upon by this mecha- 
nism, a uniform layer of stones devoid of soil overlying 
a uniform layer of soil is unstable, leading to the de- 
velopment of soil plugs. A negative feedback, related 
to the decoupling of the freezing front from the stone- 
soil interface as finite amplitude features emerge, causes 
soil plugs to grow radially and merge, while the positive 
feedback drives them to the surface, pushes up stone 
rings around the emerging soil plugs, and maintains 
long-term circulation within the stone and soil domains. 
The finite amplitude, nonlinear effects of the negative 
feedback render a linear stability analysis of the pat- 
terns inapplicable. The robust feedbacks that give rise 
to the self-organized pattern of sorted circles have been 
treated here. The formation of other types of sorted 
patterned ground will be explored in future work. 
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